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1. Introduction

Apple’s 1984 advertisement retains an iconic position in
the pantheon of successful ad campaigns. It emerged as the
second most loved ad of all time in a recent USA Today
poll, and viewers continue to remember it, although it was
aired only once. While most ads lack such a lasting effect,
and some of them even might be forgotten immediately,
many ads are remembered for a span of time. A few studies
have shown that awareness seldom decays instantaneously
(Hawkins and Hoch 1992, Wansink and Ray 1992, Gregan-
Paxton and Loken 1996, Aravindakshan and Naik 2011).

Standard awareness formation models (see Mahajan et al.
1984), however, assume that awareness decline commences
instantaneously. In other words, the standard model does
not account for the delayed decay of awareness (see Batra
et al. 1995, Naik et al. 1998, Bruce 2008, Srinivasan et al.
2010). Hence, the extant literature does not have a model
that allows for the two scenarios: awareness decline begins
instantaneously or it declines after a delay. For standard
models, Hartl (1987) proves that nonmonotonic advertising
such as pulsing is not optimal for a monopolist.

More recently, Aravindakshan and Naik (2011) augment
the standard awareness formation model to include such
memory effects; they allow for the possibility that aware-
ness decline can be delayed due to the memory for ads.
This change converts the standard awareness formation
model from an ordinary differential equation (ODE) to
a delayed differential equation (DDE). DDEs are a spe-
cial class of differential equations where the argument is
allowed to be “delayed,” i.e., its effect on the evolution of
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the state is not instantaneous (e.g., see Gydri and Ladas
1991, Bellen and Zennaro 2003, Arino et al. 2006). Using
DDEs, Aravindakshan and Naik (2011) establish the exis-
tence of memory and show that their model outperforms
the standard awareness formation model when consumers
remember ads.

However, Aravindakshan and Naik (2011) investigate the
scenario when a brand completely stops advertising, i.e.,
they estimate ad memorability when the brand does not
advertise any more. In practice, brands do advertise period-
ically over time rather than stop advertising. Our research
contributes to the literature by answering the following
questions:

(1) Is nonmonotonic pulsing advertising optimal in
the presence of ad memorability and the absence of
competition?

(2) If ads are remembered, then how should managers
determine the optimal spending plan to maximize the total
awareness over time?

(3) What are the shapes of optimal advertising policies
due to memory effects?

To answer these questions, we derive the optimal adver-
tising policy by solving a brand’s optimal control prob-
lem with diminishing returns for advertising and in a
monopoly setting. First, we include diminishing returns
because “continuous-time monopolistic models of advertis-
ing expenditure that rely on strict response concavity have
been shown to prescribe eventual spending at a constant
rate” (Feinberg 2001, p. 1476). In contrast, we prove that
pulsing advertising is optimal via continuous-time delayed
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dynamic models in the presence of diminishing returns.
Second, we consider a monopolist setting because Hartl
(1987) proves that pulsing advertising is not optimal under
a broad class of scalar differential equations for a profit-
maximizing monopolist. In contrast, we prove that puls-
ing advertising is optimal via scalar delayed differential
equations even for monopolists. The optimal ad policy per-
mits several different shapes—from constant spending to
blitz to various kinds of pulsing—depending on whether
the memory span exceeds a threshold, which we explicitly
characterize.

The rest of the paper proceeds as follows: Section 2
reviews the literature on memory, awareness formation
models, and advertising scheduling. Section 3 presents the
awareness formation model with ad memorability and links
it to prior research. Section 4 derives the normative results
and discusses the managerial implications. Section 5 con-
cludes by identifying avenues for further research.

2. Literature Review

2.1. Memory for Advertising

Advertising generates awareness that decays immediately
or might be remembered for several weeks due to mem-
ory. Several behavioral studies document the existence of
memory for ads, which is shown to be a function of sev-
eral factors such as retrieval cues (Keller 1987), verbal and
pictorial content (Unnava and Burnkrant 1991), the length
and serial position of ads (Pieters and Bijmolt 1997), post-
purchase experience (Braun 1999), or spacing and repeti-
tion of ads (Janiszewski et al. 2003, Zielske 1959). Specifi-
cally, Janiszewski et al. (2003) find that repeated exposures
strengthen the memory for an ad even though time between
exposures increases. This phenomenon arises because ads
seen the first time leave a memory trace, which is strength-
ened when the ad appears again due to retrieval of the trace
created by the first ad.

Memory for ads can be adversely affected due to a time
delay since viewing the ad (Hutchinson and Moore 1984,
Hawkins and Hoch 1992) or due to interference effects
(see Burke and Srull 1988). For example, Wansink and Ray
(1992) quantify memory loss due to time delays by show-
ing that up to 70% of the subjects exposed to advertising
could recall the target brand after three months, suggesting
a time delay of three months. We emphasize that the empir-
ical evidence for time delay has not been established in the
extant literature and it needs further empirical investigation
as in the recent study by Aravindakshan and Naik (2011),
who suggest three weeks of ad memorability for Peugeot
brand’s advertising even in the absence of continued adver-
tising support.

2.2. Awareness Formation Models

Empirical literature in marketing contains several models
of awareness formation (see Tapeiro 1978, Sethi 1979,
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Mahajan et al. 1984, Mahajan and Muller 1986, Naik and
Raman 2003, Bass et al. 2007, Bruce 2008, Srinivasan
et al. 2010), of which the Nerlove-Arrow (NA) model is
the most commonly used in marketing (see Figure 1 in
Aravindakshan and Naik 2011). These models describe the
growth and decay of a brand’s awareness over time. In
these models the evolution of awareness occurs due to its
recent state and the current advertising level. For example,
Zielske and Henry (1980) or Mahajan and Muller (1986)
apply the classical Nerlove and Arrow (1962) model, where
awareness decreases in the absence of advertising at the
rate proportional to the recent awareness level. However,
if ads are remembered for a few weeks, then the aware-
ness today would depend on the awareness prevailing a
few weeks ago. In the context of sales, previous studies
using distributed lag models (e.g., Griliches 1967, Bass and
Clarke 1972) have shown that distant sales affect current
sales levels. To summarize, awareness formation models
imply that awareness decline commences the instant they
are viewed, and that awareness levels are unrelated to those
in the more distant past.

To account for memory, Aravindakshan and Naik (2011)
adapt the commonly used Nerlove-Arrow model by incor-
porating time delay. Specifically, awareness increases today
due to current advertising, but decreases at a rate propor-
tional to awareness levels that existed 7 periods ago, where
7 denotes the memory span. To distinguish the present
study from Aravindakshan and Naik (2011), we note that
they do not consider any advertising input because they
focus on how memory-driven awareness evolves in the
absence of advertising. In contrast, we focus on how it
evolves in the presence of advertising. Hence we address
how to optimally allocate advertising spending over time,
and how the shapes of optimal advertising vary due to the
memory span. To this end, we will apply the extended
maximum principle (see the lemma), which is novel to
the marketing literature. Before we present these analyses,
we review the extant literature on advertising pulsing over
time.

2.3. Advertising Pulsing

Adpvertising literature seeks to address how brand managers
should allocate gross rating points worth tens of millions of
dollars so that a few concentrated bursts of weekly adver-
tising are interspersed with silent periods of no advertising.
The resulting on and off media spending patterns over time
are called pulsing media schedules. The practical signifi-
cance between pulsing versus even schedules boils down
to making a “big impact periodically” versus maintaining
a “continuous presence.” To this end, several studies obtain
pulsing by introducing some phenomena in discrete-time
models. Simon (1982) incorporates advertising wearout;
Park and Hahn (1991) and Villas-Boas (1993) introduce
competition between two brands; Bronnenberg (1998) for-
mulates a model with brand switchers and repurchasers;
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Dubé et al. (2005) relies on the S-shaped response func-
tion; finally, Freimer and Horsky (2012) posit the existence
of low and high sales in the long run.

Given the discrete-time formulation, the planning of
pulses over 52 weeks poses a dimensionality problem. To
see this point, in the first week, consider a media planner
who faces two decisions: spend or not spend. In the first
two weeks, the planner faces four options: spend or not
spend for each of the first week’s two possibilities. Pro-
gressing in this manner, we observe that the annual binary
pulsing plan generates 2°2 plans (less one for not spending
at all), which exceed 4,500 trillion plans to be evaluated
to find the one optimal plan. This set of possibilities is so
immense that a manager processing various plans at the
rate of one microsecond per plan would take over a century
to discover the optimal plan.

To circumvent this curse of dimensionality, continuous-
time models are formulated. Sasieni (1971) pioneers the
study of pulsing problems and finds that even spending is
the optimal policy (also see Sethi 1977). This finding means
that a brand should advertise at a constant level. However,
few brands advertise this way. Most brands’ advertising
policies follow a pulsing pattern, i.e., the brand advertises
for some period of time and then stops advertising before
restarting. To generate pulsing, Mahajan and Muller (1986)
postulate an S-shaped sales response to advertising. When
the response function is S-shaped, they argued that pulsing
can emerge as an optimal strategy. The resulting strategy
requires a very rapid switch between “on” and “off” mak-
ing it difficult to implement in practice. However, Feinberg
(2001) shows that for a wide class of S-shaped response
functions pulsing cannot be an optimal strategy. More-
over, the empirical support for the existence of S-shaped
response functions is mixed (Rao and Miller 1975, Simon
and Arndt 1980, Vakratsas et al. 2004).

Hartl (1987) proved a theorem that shows the optimal
ad spending u*(t) cannot be periodic for models with one
state variable, namely, univariate response function A=
g(u, A, 0), where u(t) denotes the advertising rate and
the parameter vector 6 specifies the function g(-). This
result implies that a second state variable is required to
obtain nonconstant spending plans. For example, besides
sales growth, Luhmer et al. (1988) incorporate an addi-
tional state variable called adaptation level as per Simon’s
(1982) ADPULS model. Hahn and Hyun (1991) assume an
additional binary state for the presence or absence of adver-
tising costs; Feinberg (1992) introduces the state variable
called “filter” that induces inertia on the advertising rate;
Mesak (1992) adds the state variable called peak sales from
which the actual sales wearout during sustained advertis-
ing; Naik et al. (1998) introduce the second state variable
via time-varying ad effectiveness. In a personal communi-
cation, John D. C. Little characterized this pulsing literature
as a “veritable subfield of marketing.”

Even the above continuous-time models result in opti-
mal binary pulsing with only two levels in a spending plan;
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that is, u(t) € [0, #]. Such binary pulsing does not cor-
roborate with the observed pulsing patterns, which exhibit
different spending levels across different weeks. Conse-
quently, extant continuous-time models do not inform man-
agers how much to spend in each week. As Vakratsas
and Naik (2007, p. 334) note, “for multipulse sched-
ules, how long should each pulse last? Or should they be
equally long? What should be the spacing between pulses?
These questions—simple to state, but hard to answer—have
remained open for a long time (see, e.g., Corkindale and
Newall 1978, Simon 1982, and Table 8.1 Hanssens et al.
1998, p. 254)”

In sum, no study in either discrete- or continuous-time
traditions derives multilevel cyclic optimal pulsing plans.
Hence the lead question that Little (1986, p. 107) raised—
are there any response models for which pulsing (other than
chattering) would be optimal?—still remains open. Next,
we analyze a continuous-time dynamic model with memory
effects and derive the optimal pulsing plan in the presence
of diminishing returns (see Feinberg 2001) and the absence
of competition (see Hartl 1987).

3. Model Development

3.1. Awareness Formation Model

Based on Aravindakshan and Naik (2011), awareness
evolves according to the delay differential equation

A=BVu(t)—8A(r—1), (1

where A = dA/dt and the initial function A,(f) = A, over
the interval [—7,0]. In Equation (1), awareness A(z) and
advertising u(7) are nonnegative, the square root function
captures the diminishing return to advertising (i.e., marginal
impact of advertising decreases as its level increases), and
the parameters (8, 6, 7) belong to the nonnegative octant.
In their analysis, Aravindakshan and Naik (2011) assume
u(t) =0 for all 7.

Equation (1) states that the awareness growth depends on
not only the brand’s advertising u(t) at time ¢, but also the
awareness level A(t — 7) that prevailed 7 periods ago. Con-
sequently, awareness decline does not commence instantly;
awareness stays constant for 7 periods before the decay sets
in. The parameters 8 and 0 measure ad effectiveness and
the forgetting rate, respectively. The forgetting rate 6 quan-
tifies the proportion of previously aware individuals who
no longer remember the ad. The parameter 7 represents
memorability for advertisements (Aravindakshan and Naik
2011). The parameters (8, 7) differ conceptually: the for-
getting rate O represents a proportion with no units of mea-
surement, whereas the memory span 7 reflects longevity
that is measured in the units of time (e.g., seconds, hours,
days). Next, to connect with the extant marketing literature,
we map the awareness formation in Equation (1) to current
and past advertising in discrete time, although the rest of
the analyses proceed in continuous time.
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3.2. Mapping the Memory Process

Equation (1) in discrete time can be represented as
A, — A,_, = BJ/u, — 8A,_,. Using the lagged operator
L" to denote the n-period lag, namely, L"A, = A,_,, we
get A, — LA, = B/u, — 8L™A,, which can be expressed
as A, — LA, + 8L A, = B/u,. Then we extract A, as the
common term to obtain (1 — L(1 — 8L™"))A, = B/u,.
Thus A, = B(1 — L(1 — 8L™ ")) '\/u,. To obtain the
coefficients that link awareness to current and past
advertising, we substitute x = L(1 — 8L™"!) in the result
(1—-—x)"=x"4+x"4+x>+---. Hence (1 — L(1 —
SL™)) ' =30 L*(1—8L"")*. To expand the right-
hand side parenthesis, we invoke the binomial theorem
and obtain (1—-8L™")¥=Y" (]]‘.)(—SLT_l)f, where (’j‘) =
k!/(j!(k —j)!), and j=0,...,k and k > j. Consequently,
¥, LF(1— aLr—l)k =y, lefzo (/;)(_5)114(771)1% —
> Z];:o (';)(—8)-’ L", where the summation and combi-
natorial indices (j, k) are linked to the memory span via
n= (1 —1)j+k. Collecting the above results, we find that

A =B —L(1— L) V&,
—BY L1 — L Vi,
k=0

=B i z (’J‘) (=8 LI i,
_BYY (%) coreva, ?

n=0 j=0

where n=(7—1)j+k

=Bif(’;) BN

n=0 j=0

In general, starting from u, with any feasible 83, 6, 7, u,
and A,, the awareness links to current and past advertising
via A, =B _,c,/u,_,, where the coefficients are given
by

S (%) or )

j=01 (. ye(r—1)j+k=n \J

For example, Table 1 presents the coefficients ¢, for 7= 3.
Its final column lists the coefficients that link awareness to
current and past advertising values.

Finally, we provide an illustration of how the extant mar-
keting literature relates to Equation (3). Specifically, in the
standard model A, = B/u, + (1 —8)A,_, used in the extant
marketing literature, awareness depends on current and
past advertising as follows: A, = B/u, +B(1 —8)/u,_, +
B(l — 8)u_, + B(1 — 8)’\/u,_; + ---. Using Equa-
tion (3) for 7 = 1, we derive the coefficients c, =
o (?)(—8)1' = (1 — 8)"; see Table 2 for details. Com-
paring the coefficients in the above equation with those in
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Table 2, we find them to be exactly equal. Thus, Equa-
tion (3) not only furnishes a closed-form solution linking
awareness to current and past advertising for any memory
span T, but also nests the standard awareness formation
model. The next section offers the normative analysis by
deriving the optimal advertising strategy when awareness
evolves in the presence of ad memorability.

4. Normative Analysis

4.1. Brand’s Objective Function

The media planner seeks to maximize a brand’s stock of
awareness in the most cost-effective manner starting from
the awareness levels prevailing prior to the initial time
t =0. Let J denote the discounted value of the total aware-
ness generated by an advertising spending plan u(¢) over
an infinite horizon. Then the resulting performance index
is expressed as follows:

J(u) = /0 TP A — cu()) dt, )

where p is the discount rate, and the constant ¢ converts
advertising units to awareness points. Equation (4) says
that a media planner considers several possible ad spend-
ing plans over time, each of which potentially generates a
sequence of awareness via Equation (1) that sums up to
yield the performance index J(u(¢)). Additionally, because
advertising is nonnegative, we need to ensure that

u(t) 2 0. ®)

Thus, Equations (1), (4) and (5) formulate the pulsing prob-
lem.

We aim to discover whether the optimal trajectory
u*(t)—one that maximizes the performance index—
exhibits periodicity over time. Specifically, for some future
time ¢/, does u*(t) = u*(¢t + t') for patterns other than the
even policy or binary pulsing?

The complexity arises from the fact that advertising takes
different values from [0, oo) at different instants #, and so
infinitely many trajectories are admissible in the space U =
{u(?): R" — R*}, where R™ denotes the nonnegative real
line. In contrast, previous pulsing models restricted the set
of admissible policies to binary pulsing u(#) € [0, i]. Con-
sequently, even a quintessentially periodic advertising such
as u(t) = iu|Cos(27t)| would not be admissible because of
the ex ante restriction on the decision space. This restricted
set excludes general trajectories, which Park and Hahn
(1991, p. 399) acknowledge by stating that such binary
pulsing is “suboptimal among various pulsing strategies.”
Hence, following Feinberg’s (2001, p. 1486) call, we have
specified the admissible set at the “fullest temporal gen-
erality.” That is, our decision space admits any piecewise
continuous function, including multilevel patterns with long
stretches of zero spending.
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Table 1. Coefficients for 7 = 3.

Lag Feasible (j, k) that satisfy (t—1)j+k=n =Y, (f;)(—a)f Coefficients 8 x c,,
n=0 {2j+k=0} = (0,0) (8)(—5)0 B

n=1 Rj+k=1}= (0, 1) (é)(—a)o B

n=2 2j+k=2}=(0,2) (é)(—a)o B

n=3 [2j+k=3}= (1,1, (0,3) (%)(—5)4(8)(—5)0 B(1— )
n=4 (Qj+k=4}= (1,2),(0,4) (f)(—a)ur(g)(—a)o B(1 - 20)
n=5s [2j+k=5}= (1,3), (0,5) (f)(—a)w(g)(—a)o B(1—39)
n=6 (2)+k =6} = (2,2), (1.4). (0,6) )(—5)%(?)(—5)1 +<8)(—5)0 B(1—45+8)
n=17 2j+k=T}=(2,3),(1,5), (0,7) (;)(—8)2+<?>(—8)‘+<(7)>(—8)0 B(1— 56+ 36?)
n=8 [2j+k=8}= (2,4),(1,6), (0,8) (;‘)(—5)2+<?>(—3)1+<g>(—3)0 B(1 — 65+ 68?)
Table 2.  Coefficients for 7 = 1.

Lag Feasible (j, k) that satisfy (1 —1)j+k=n

ey =Yhy ()=o)

Coefficients 3 x ¢,

n=0 {0j+k=0}=(0,0)
n=1 (0j+k=1}=(0,1),(1,1)
n=2 (0j+k=2}=(0,2).(1,2),(2,2)

n=3  {0j+k=3}=(0,3),(1,3),(2,3),(3.3)

(3) (~8)°+ (f) (~8)' + (g) (<8
(3)cors () cors (3) cors (3) cor

(5)cor B
(6)cor+(1) o B -5)
B0 -0y

B(1—8)°

To discover the uniquely optimal advertising policy
u*(t), we maximize the performance index in (4) subject to
the awareness formation model in (1) and the nonnegativity
constraint in (5). Applying the optimal control theory (e.g.,
Kamien and Schwartz 1991, Sethi and Thompson 2000),
we construct the Hamiltonian function as follows:

H (1) =[A(t) — cu(t)] + A(Byu(t) — 6A(r — 7))
+ ku(r). (6)

Equation (6) is the long-term performance index similar to
the Bellman’s value function. Its right-hand side consists
of three terms. The first term comes from Equation (4),
and it captures the direct contribution due to the current
awareness less advertising expenditure.

The second term captures the contribution from a small
increase in awareness due to the awareness dynamics in
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Equation (1). In other words, A measures the long-term
value of incremental awareness, and the term (B./u(t) —
0A(t — 7)) predicts the increment in awareness expected
due to the current spending given the ad effectiveness, for-
getting rate, and memory span. Also known as the costate
variable, A(f) quantifies the awareness valuation at each
instant ¢.

The third term ensures the nonnegativity of advertising in
Equation (5). Specifically, u(z) > 0 if k(t) = 0; otherwise
u(t) =0 if k(r) > 0.

In the absence of memory, when 7 =0, we apply the
standard Pontryagin’s maximum principle (see Sethi and
Thompson 2000, Chap. 2) to obtain the first-order condi-
tions: 0K /du =0, dA/dt = pA — IH /JA, and d# /dk = 0.
Solving them simultaneously we obtain the best plan u*(¢),
which maximizes both the Hamiltonian function in (6) and
the objective function in (4). For applications, see Sasieni
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(1971) or Feinberg (1992, 2001). In contrast, when 7 # 0,
the standard maximum principle does not hold. Hence, we
first extend this principle and then derive the optimal adver-
tising policy.

4.2. Optimal Advertising Policy

The awareness formation model in (1) is a delay differ-
ential equation. The delay occurs because ads are remem-
bered for 7 periods. Because this delay exists, we cannot
obtain the optimal policy u*(¢) using the standard maxi-
mum principle. Specifically, we must not only account for
the immediate awareness formation due to current adver-
tising, but also account for the fact that awareness levels
linger on because of the memory for advertisements—the
presence of the past. Hence, based on Kharatishvili (1967),
we apply the extended maximum principle:

LEMMA (EXTENDED MAXIMUM PRINCIPLE). For the con-
trol problem with the delay differential Equation (1), the
first-order conditions are given by

(i) 0H(1)/du=0, and

(ii) d\/dt=pA—aF (1)/IA(t)—0H (t + 7)/IA(¢).

Proor. See the appendix.

Condition (i) is the same as in the standard principle;
however, condition (ii) for the costate evolution differs. The
right-hand side of the costate evolution consists of three
terms. The first term, pA, captures the current yield of the
awareness valuation. The second term, d7# /dA, captures the
immediate performance gain due to incremental awareness.
The first two terms are the same as in the standard maxi-
mum principle. But, because awareness lingers in the pres-
ence of memory, the third term 0% (¢ + 7)/dA incorporates
the performance gain due to the “after effects” of memory.
Thus, today’s awareness gain affects both the immediate
performance and the distant performance 7 periods later.

Intuitively, when consumers who become aware today
remember the ads for 7 periods, today’s awareness
increases affect not only the present profit, but also the
future profits for subsequent 7 periods. Hence, apart from
a profit bump today, the “memory effect” provides a con-
tinuing bump in profit that lasts for 7 periods.

Applying the Lemma stated above, we derive the optimal
advertising in the proposition:

PrROPOSITION 1. The optimal periodic advertising is given
by

u*(t) = (max|:0, '8/2\—?)}) , (7

where A(t) is the oscillatory solution to the advanced dif-
ferential equation:

d\
— = PAF AN+ T) — 1. (8)
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PRrROOF. See the appendix.

According to Equation (7), at any time ¢, the optimal
policy equals either zero or it depends on the magnitude of
awareness valuation. Equation (8) specifies how awareness
valuation, A(#), changes over time. Equation (8) reveals that
the current valuation A(z) depends on the future valuation
A(t + 7). This effect of the future-in-present arises because
today’s ad spending generates awareness that lingers for 7
periods subsequently. Hence, the effect of brand’s ad spend-
ing today lasts up to 7 periods into the future. As this
memory effect sustains itself for 7 periods, today’s aware-
ness valuation embodies its future effect for the subsequent
T periods.

To establish that the optimal advertising can be cyclic,
we analytically solve the advanced differential equation in
(8). We relegate its derivation to the appendix (see Equa-
tion (33)) and present the solution here:

Alr) = p_j—'é +Zexp(—%> COS<E>, 9)

T

where @ = a — p7, and the coefficients a and b are obtained
from the Lambert’s W(x) evaluated at x = —67e”". See
the appendix for details. (For another application of Lam-
bert’s W function in static logit models, see Aravindakshan
and Ratchford 2011.) The cosine term in Equation (9)
induces the oscillations in Equation (7), thus generating
pulsing advertising. Note that pulsing does not dampen
when a = p7. Intuitively, suppose consumers remember
ads for four weeks, then the brand manager advertises in
the first week, ceases advertising for the next three weeks
because awareness does not decay during that period, and
commences advertising again in the fifth week. Thus ad
memorability could drive pulsing. Given that the extant lit-
erature has established only binary pulsing as optimal, this
result marks the first explicit characterization of multilevel
optimal cyclic advertising in the presence of diminishing
returns and the absence of competition.

Finally, when 7 = 0 the awareness valuation remains
constant at A(¢) = 1/(p + &), yielding an optimal adver-
tising strategy that is identical to that resulting from the
standard model (Sethi 1977, Naik and Raman 2003).

4.3. Shapes of Optimal Advertising Policies

The optimal ad policy in (7) depends on the memory span
T, the awareness decay rate 8, and the ad effectiveness S.
Two important findings are that (i) the memory span and
decay rate affects the shape of pulsing advertising, whereas
(ii) ad effectiveness influences the amount of spending but
not the shape. Although these findings can be proven ana-
Iytically, we illustrate them via numerical examples for
clarity. Specifically, over a 52 week span we compute the
optimal advertising policy via Proposition (1) and Equa-
tion (9) assuming p = 5% per annum, 3 =2, ¢ = 1, and
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varying (8, 7) from O to 1 in steps of 0.05 and O to 20
in steps of 1, respectively. To construct Figures 1 and 2
over the full parameter space of (8, 7), we apply u(t) =
0A(t— )/ as necessary to ensure nonnegative awareness.

When 7 =0, awareness decline begins instantaneously.
To maintain awareness levels, a brand must advertise con-
tinually (i.e., not periodically) at a constant rate. Hence the
optimal advertising remains constant over time. We illus-
trate the resulting policy in panel A of Figure 1, which
displays the constant advertising function. When 1 # 0,
awareness decline is delayed. We illustrate the resulting
policies in panels B, C, and D, which display pulsing pat-
terns for various (0, 7). The pulses emerge because, as
advertising builds awareness, a brand can afford to reduce
or stop spending for a certain time given that the mem-
ory for ads lingers on. Because of the memory effects, the
brand is better off by not advertising and relying on con-
sumers’ ability to remember the ads.

Next, we characterize the regions of optimal pulsing
advertising based on the memory span and the forgetting
rate. That is, how do the above shapes change as (6, 7)
changes? Because Equation (7) exhibits a variety of shapes,
we present Figure 2 that highlights the different patterns
for different combinations of (&, 7). The graph informs
managers of the different pulsing advertising possible for
different levels of memory span and forgetting rate. We
observe that even spending or monotonic spending, blitz
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advertising, pulsing advertising, and pulsing maintenance—
various pulsing types classified and described by Mahajan
and Muller (1986)—emerge as optimal policies for differ-
ent memory spans and decay rates. In contrast to the extant
pulsing literature that yields only binary pulsing as the opti-
mal policy, this result marks the first illustration of truly
cyclic pulsing patterns as optimal.

Moreover, for a wide range of parameter values for the
memory span and forgetting rates—in the north-east region
above the lower hyperbolic curve in Figure 2—the pulsing
patterns occupy a larger area than that under the mono-
tonic or even spending patterns. This fact not only justifies
the prevalence of pulsing advertising in practice, but also
reveals that the memory span could be the critical factor for
the existence of pulsing (because managers afford to reduce
or stop ad spending when consumers remember ads and
past awareness lingers on). Next, we specify the conditions
to decide whether or not to pulse.

4.4. To Pulse or Not to Pulse?

The mere presence of delay does not automatically guaran-
tee that pulsing advertising is optimal. The delay could be
critical for pulsing advertising, but its magnitude should be
large enough to justify reducing or stopping advertising for
a certain period. In the next proposition, we characterize the
exact threshold for the memory span, yielding an insight
into when brands should engage in pulsing advertising.
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Figure 2.
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PROPOSITION 2. Pulsing advertising is optimal when the
memory span exceeds the threshold

e W(p/(3e))
> ————
p
where W () is the Lambert’s W function.

(10)

ProoOF. See the appendix.

If the memory span falls below the threshold 7¢, man-
agers should not use pulsing—even or monotonic advertis-
ing is optimal. For longer spans, they can afford to oscil-
late the spending levels as in pulsing advertising shown in
Figure 2.

Is pulsing advertising optimal if managers were
extremely patient? To this end, we take the limits of Equa-
tion (10) as the discount rate vanishes. We learn that,
even as p tends to zero, when managers possess infinite
patience, pulsing advertising remains optimal if the mem-
ory span exceeds the critical threshold 7¢ > 1/(8e). In other
words, managers’ patience does not jettison the optimal-
ity of pulsing, which hinges on consumers’ memory for
advertisements.

5. Conclusions

A few marketing studies have shown that awareness sel-
dom declines instantaneously. Recently, Aravindakshan and
Naik (2011) incorporate the concept of memory span in
awareness formation models and show that the memory
span for Peugeot brand advertising is about three weeks
even after the brands stops advertising. But they do not
characterize the nature of optimal advertising over time

RIGHTS LI N K}

(e.g., cyclic advertising under certain conditions). Hence
the extant literature lacks the understanding of memory
effects in pulsing advertising.

In a nutshell, this paper shows that ad memorability
plays an important role in determining the optimal adver-
tising policy. It creates the waxing and waning of aware-
ness (state); this rhythm propels the awareness valuation
(costate) and influences the spending decisions (control).
Intuitively, as awareness lingers due to the memory for ads,
this presence of the past awareness creates the after effects
on distant awareness valuations, which are reflected in the
current spending decisions. This joint dynamic of aware-
ness evolution (past-in-the-present) and awareness valua-
tion (future-in-the-present) endogenously leads to the opti-
mal pulsing advertising. Thus ad memorability plays an
important role in driving pulsing.

In closing, we identify three avenues for further research.
The first extension is an empirical investigation into the
existence of memory span in the presence of advertis-
ing. Awareness data are collected by many fast moving
consumer goods companies; for example, Srinivasan et al.
(2010) present awareness for 21 cereal brands, 19 bottled
waters, 19 fruit juices, and 21 shampoo brands on a weekly
basis over a seven-year span. To establish the presence of
memory span using such data, researchers need to develop
an estimation method that accounts for the forward evolu-
tion of awareness, backward propagation of the awareness
valuation, and the nonnegativity of the estimated parame-
ters as well as advertising and awareness levels as in Equa-
tion (1). If awareness data are not available, awareness can
be replaced by sales. Indeed, Little (1986, p. 107) states
that “Mahajan and Muller study awareness whereas Sasieni
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considers sales, but the mathematics does not care.” The
resulting model then allows researchers to explore the role
of delayed state dependence, which is novel to marketing
science.

Another extension deals with sales seasonality, which
can be incorporated in two ways. First, dummy variables
capture seasonal effects as in Tellis and Franses (2006),
who study intraday seasonality using 24 hourly dummies.
Second, time transformation can capture seasonal effects as
in Radas and Shugan (1998), who shrink time so that it
moves at a faster rate when sales are high during high sea-
sons, and stretch time so it progresses slowly when sales
are low during low seasons.

Finally, we recall that Hartl’s (1987) monotonicity the-
orem rules out pulsing optimality for a monopolist. To
generate pulsing strategy, the state space needs to be aug-
mented, for example, by including a competing brand.
In contrast, we generate optimal pulsing policies for a
monopolist. In other words, competition is not necessary
to yield optimal pulsing; rather a monopolist has incentives
to pulse even in the absence of competition. To affirm this
insight, we analyzed the monopoly setting in our model.
Future researchers should extend our analyses to dynamic
oligopoly markets by combining the techniques in this
paper (e.g., extended maximum principle) with those from
differential games literature (see Jgrgensen and Zaccour
(2004), Naik et al. 2008). Based on such rigorous meth-
ods, would pulsing still be optimal for both the brands?
If so, the resulting insights can broaden our understanding
because most studies in the extant literature on pulsing in
competitive markets find conditions for the optimality of
“binary pulsing” (i.e., some sequence of 1010001), which
is not realistic because brand managers advertise unequally
in various weeks (i.e., multilevel pulsing as in panels B, C,
or D of Figure 1). We hope the proposed model and meth-
ods help attain congruence between the optimal and actual
pulsing strategies in competitive markets.
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Appendix
Proof of Lemma

We derive the necessary conditions to solve control prob-
lems in the presence of delays. Specifically, we aim to
maximize the objective function with respect to the func-
tional u(1),

/wF(t,x(t), u(t)) dt, (1)
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9
and subject to the dynamic constraint,
= gl m), (o), (12
and the preshape function over [—7, 0],
x(t) = x,. (13)

As in nonlinear programming, we augment (11) by
adjoining (12) via the Lagrange multiplier A(z) to get

sz/om {F(t?x’ M)—l-)\(g(i, u) —x’)}dt’ (14)

where X = x(¢ — 7). We then apply integration-by-parts to
the last term to obtain,

| "M dt = A(00)x(09) — A(0)x(0) — | “xNdr (5)

Because A(o0)x(c0) =0 due to the transversality condi-
tion, we substitute (15) in (14) to get,

7= \(0)x, + fow (F(t,x, u)+ Ag(F, u)+ xN}dr.  (16)

Let u*(t) denote the optimal control that maximizes (11),
and x*(t) be the corresponding optimal state trajectory.
Let us consider an alternative control u(t) = u*(¢) + ah(t),
where h(t) is any arbitrary function and a is a parame-
ter. The new (suboptimal) control u(¢) results in an alter-
native state trajectory y(t, a) = x*(t) + p(a, h(t)), where
p(+) denotes the “perturbation” due to (a, h). When a =0,
both the new control and state trajectories coincide with the
optimal control and the state trajectory. Figure A.1 shows
the optimal state trajectory x*(¢) and the alternative state
y(t, a) trajectory, starting from the same initial condition
¥(0, a) = x, for all a.

Figure A.1.

State trajectories.

X0 1

pla, h(t))
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Next, we evaluate the performance metric (16) under the
alternative control path u(z) and the resulting state trajec-
tory y(f, a) to obtain

J(a)=A(0)x0+/0°°{F(t,y(t,a),u*+ah(t))
+Ag(y(t—T,a),u*+ah(t))+y(t,a)N}dt.  (17)

Taking the first total variation of (17) at @ = 0 and denot-
ing dJ(a)/da|,_, =J'(0), we obtain

VO = [ G )+ N)Ax+ (F (2 0)
+ Ag, (X", u*))Au+ Ag:(X*, u*)AX} dt, (18)

where the subscripts denote partial derivatives. Also, the
first term in (17) vanishes because x, is a constant.

Then, we incorporate the preshape function (13) in (18).
To this end, we isolate the term fooo Ag:(X*, u*)Ax dt,
change its variables to £ =t — 7, and express it over the
two intervals [—7, 0) and [0, c0) as follows:

08" (€). " (£ +7))
R GL

93" (€).' (£ +7))
9x(8)

Observe that Ax(&) =0 because x(£) is a constant over
[—7,0) due to (13). Thus, only the second term of (19)
remains. Substituting (19) back in (18) and noting that ¢ is
an integration dummy, we obtain

f_i)‘@“)

+ [ Mg+ Ax(§)dE. (19)
0

1 O)= [ |(m 4 a0

dx

“Ax+(F,(¢t,x",u*)+Ag, (5", u*))Au}dt. (20)

Because u*(t) is the maximizing control, J(a) attains
its maximum at a = 0; that is, J'(0) = 0. Hence we select
A(t) to make the first integrand of (20) vanish, and so we
get one of the necessary conditions:

Ig(x", u* (14 7))

N =—F.(t,x, u") =\ (t+7) P
X

21
Also the second integrand on the right-hand side of (20) must
equal zero for any arbitrary value of Au. In particular, it must
hold for the specific value of Au=F, (¢,x*,u*)+ Ag,(X*, u*)
which yields [ {[(F,(t,x*,u*)+Ag,(¥*,u*))]*}dr. This
latter integral is always positive and so it vanishes if

F, (1, x" %) + Mg, (&, u") =0, (22)

which provides the other necessary condition.
Finally, we define the Hamiltonian function,

H()y=H(t,x, X, u)=F(t,x,u)+ Ag(X, u), (23)

RIGHTS LI L)

so that the time-translated Hamiltonian is #(z + 7) =
F(t4+71,x(t+7),u(t+7)+A(t+7)g(x(t), u(t+7)), and
then (21) can be reexpressed equivalently as
o OH(t)  OH(t+T)

N dx dx ’
proving condition (ii) in the Lemma after noting F(z, x, u)
= e f(x, u) and using the current value Hamiltonian and

costate (see Sethi and Thompson 2000). Similarly, (22) can
be reexpressed equivalently as

ar(r)
ou

proving condition (i) in the lemma.

A*

0,

Proof of Proposition 1

Below we apply the above Lemma to derive the optimal
periodic advertising. Using Equations (1) and (4), we for-
mulate the Hamiltonian as

(1) = A(t) — cu(t) + A1) (Bv/u(t) — SA(t — 7). (24)

To ensure the nonnegativity constraint in Equation (5),
we augment the Hamiltonian by introducing the multiplier
k(1) in the Lagrangian function:

L(1) = #(t) + k(t)u(1). (25)

We obtain the optimal advertising by solving the first-
order condition, dL(t)/du(t) = —c + A(t)B/(2/u(t)) +

k(1) = 0. Rearranging its terms, we find that

—  AB
Jur(n) = o)’ (26)

Next, by applying the condition (ii) in the lemma we get
AN =pA+0A(t+7)—1. (27)

The costate values in (27) can be positive (A(¢) > 0) or
negative (A(7) < 0). Hence we find the optimal advertising
under both the cases:

i. Positive Costate: A(f) > 0. When A(¢) > 0,
(A()B)/(2(c—k(t))) > 0, and so u*(¢) > 0, which implies
k(1) = 0 due to the complementary slackness condition;
therefore u*(¢) = (A(t)B/(2¢))>.

ii. Negative Costate: A(#) < 0. Rewriting (26), we find
2/ u*(t)(c — k(1)) = A(#)B. When A(r) <0, A(1)B<0
because B > 0, and so 2,/u*(f)(¢ — k(t)) < 0, or
¢ —k(t) <0, which implies k(¢) > ¢ > 0, which implies
k(t) > 0. Therefore u*(¢) =0 due to the complementary
slackness condition.

Together, cases (i) and (ii) along with the case when A(z) =
0 furnish the optimal advertising strategy:

W (1) = (maX[O, A ;‘it)Dz. (28)

This ends the proof for Proposition 1.
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Figure A.2. Lambert W function.
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Proof of Proposition 2

Below we characterize the explicit oscillatory solution to
awareness valuation, then identify the condition for oscilla-
tory solutions, and finally discover the threshold of memory
span for oscillations.

To explicitly solve the advanced differential Equa-
tion (8), we denote A,(¢) and Ap(t) as the homogeneous
and particular solutions, respectively, so that the overall
solution is given by,

A(t) = Ay (1) + Ap(2). (29)

_ To obtain the homogeneous solution, let A, () = e*, so
Ay =se and Ay(t+7)= e’*7), Substituting (A, Ay) in
A(t) = pA + 8A(t + 7) gives se’ = pe’ + 8¢**7, which

upon rearranging yields se ™" — pe™*" = §. Multiplying
both sides by —7e”” we obtain
(=s7+p7)e T = —§7e". (30)

To solve (30), we apply the Lambert’s W function, which
solves the equations of the form ye¥ = x by y = W(x).
It is related to the logarithm function, which solves the
equations of the form ¢’ = x by y =Log(x). Corless et al.
(1996) discuss the properties and applications of the W
function. Applying the W function to (30), we get —s7 +
pT=W(—=067e’") and so s = —(—pT+ W(=06Te’7))/T.

Next, we describe some properties of the Lambert’s
W(x) function needed for the proof. Specifically, it pos-
sesses two real-valued branches: W;(x) and W_,(x). Figure
A.2 presents W,(x) as the bold curve, W_, (x) as the dashed
curve, and the three regions: (i) when x >0, W,(x) > 0;
(ii) when —1/e < x <0, Wy(x) <0 and W_,(x) < O (hence
multivalued); and (iii) when x < —1/e, both W;(x) and
W_,(x) are complex valued.

Then, using s = —(—p7 + W(-=67e’"))/T, we
obtain the homogenous solution Ay (t) = exp(—((—pT +
Wo(=87e7))/7)1) +exp(—((—pT + W_,(=87e"))/7)1).

RIGHTS L1 N Hig

To obtain the particular solution, we let A,(f) = A + Bt,
so then Ap(t+7) = A+ Bt + BTt and }\P = B. Substituting
(Ap, Ap) in A(t) = 6A(1+17) — 1, we get B=pA+ 6Bt +
0BT + 8A — 1. Equating coefficients on both sides of the
equality, we find that B= 0 and A=1/(p+ &) and so the
particular solution is A,(2) =1/(p + 0).

By substituting A, (7) and A,(¢) in (29), we solve the
dynamics of awareness valuation in closed form:

<_ —pT + Wy(—87eT) t)

1
AMt)= ——+ex
(1) o35 TP

— — pT
—i—exp(— pr W (=o7e )t>. (31)
T

T

To identify when the solution (31) oscillates, we recall
that both W,(x) and W_,(x) are complex valued when
x < —1/e. So Equation (31) oscillates when —87ef™ = x <
—1/e, offering the explicit condition:

ore’” > l (32)
e

Finally, to explicitly characterize the oscillatory solu-
tions when (32) holds, we note the conjugacy of
Wy(=67ef™) = a+ bi and W_,(—87e’") = a — bi, where
i = ~/—1. Then (31) becomes A(r) = 1/(p + &) +
exp(—(a + bi)t/7) + exp(—(a — bi)t/7), where a =
—pT + a. Applying Euler’s formula, we simplify A(¢) =
1/(p + 8) + exp(—at/7)[cos(bt/T) — i - sin(bt/T)] +
exp(—at/7)[cos(bt/T)+i-sin(bt/T)], which results in

A1) = ﬁ +26xp(—a?t> cos(?). (33)

Thus, A(¢) oscillates because of the cosine term and so
does the optimal advertising u*(¢) = (max[0, BA*(1)/2c])>.
The oscillations do not dampen when a = pr.
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Finally, to derive the critical threshold, we rewrite (32)
as pte’” > p/(6e). Then using the Lambert W function
we obtain the threshold 7¢ > W(p/(8¢e))/p. This ends the
proof for Proposition 2.
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